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វិȦញ �រទី១
វិȦញ �រេ�តȢម�បឡងសȦញ ប�តមធយមសកិ�ទុតិយភូមិ

េរȢបេរȢងេ�យ៖ េហȟង សិរវីឌ�ន៍

1 េគេƫយ z =
1 + 8i
1 − 2i

។
a សរេសរ z ďទŪមង់ x + yi ែដល x និង y ďចំនួនពិត។
b រកម៉ូឌុលនិងƫគុយម៉ង់ៃន z ។

2 គណĜលីមីតžងេŪŁម៖

a  lim
x→0

ln(cos x)
x2

b lim
x→1

sin πx
x − 1

c lim
x→+∞

[x − ln (2ex + 1)]

3 គណĜƫំងេតŪŁលžងេŪŁម៖

a
∫ sin x − cos x√

1 + sin 2x
dx b

∫ 3x + 5
x2 + 3x − 18

dx c
∫

(1 + x)2

1 + x2 dx

4    េគេƫយសមីŁរឌីេផរȔង់ែសŏល(E) : y” − 2y′ + 5y = nx2 + px + q ។
a េŢះŪƘយសមីŁរ (F) : y” − 2y′ + 5y = 0។ រកចេមžǿយៃន(F)េបǿ y(0) = 2 និង 

y′(0) = 6។
b រកចំនួនពិត    n, p និង q េŢយដឹង▫ y = 2x2 + 3x + 1 ďចេមžǿយៃនសមីŁរ (E)។

រកចេមžǿយទូេĉៃនសមីŁរ (E) ។
5  កĖǶងថងម់ួយŌនអកƖរ 10 តួ a, b, c, d, e, f , g, h, i, j។េគČបយ់កអកƖរ 4 តេួចញពថីងŪ់ពមýĖ

េŢយៃចដនŏ។
រកŪបǹģបែដល៖
a ýŊ នģនŪស:មួយេƘះ។
b ģនŪស:ែតមួយគត់។
c ģនŪស:ែតពីរគត់។
d ŗ៉ងតិច₧ស់ģនŪស:មួយ។

6 េគេƫយសមីŁរបĜĀ ត់ x − 5
5λ + 2

=
y − 2
−5

=
z − 1

1
  និង x

1
=

y + 1
2

2λ
=

z − 1
3

។

សរេសរសមីŁរសŉង់ŢៃនបĜĀ ត់Ĉងំពីរេនះេបǿេគដឹង▫បĜĀ ត់ĈងំពីរែកងýĖ ។

7 េគេƫយសមីŁរបžង់

∣∣∣∣∣∣
x − 2 y − 5 z + 3
−4 −8 8
3 −2 0

∣∣∣∣∣∣ = 0។

សរេសរសមីŁរďទŪមងស់ŉងŢ់រួចរកកអូេŢេនៃនចំណចុរបសប់žងន់ិងវុǤចទ័រណŌ៉លៃ់នបžងេ់នះ។
8 េគេƫយអនុគមន៍ f (x) = x ln x − x + 1 ŌនŪŁបតំ₧ង (C) ។

a គណĜលីមីត lim
x→0+

f (x) និង lim
x→+∞

f (x) ។

b គណĜ f ′(x) រួចសិកƙសŔň របស់ƅ។
c គូស″Żងអេថរļពៃន f រួចសង់ŪŁប (C) កĖǶងតŪមǶយអរតូណŌ៉ល់(o,

−→
i ,

−→
j )។

1
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2 1. វǤŔň ƘរទីɇɔƙǂȲɸɴɀ
1 េគេƫយ z =

1 + 8i
1 − 2i

a សរេសរ z ďទŪមង់ x + yi ែដល x និង y ďចំនួនពិត។
េយǿងŌន
z =

1 + 8i
1 − 2i

=
(1 + 8i)(1 + 2i)
(1 − 2i)(1 + 2i)

=
1 + 10i − 16

1 + 4
=

−15 + 10i
5

= −3 + 2i

ដូចេនះ z = −3 + 2i ŌនទŪមង់ x + yi ែដល x = −3 និង y = 2 ។
b រកម៉ូឌុលនិងƫគុយម៉ង់ៃន z

+ រកម៉ូឌុល |z|
″មរូបមនŉ |z| =

√
x2 + y2 =

√
(−3)2 + 22 =

√
9 + 4 =

√
13

+ រកƫគុយម៉ង់

េŢយ


sin θ =

2√
13

cos θ =
−3√

13

Ĝេំƫយ tan θ =

2√
13

−3√
13

=
2
−3

= −2
3

=⇒ θ = arctan
(
−2

3

)
= − arctan

(
2
3

)
ដូចេនះ ម៉ូឌុលៃន z គឺ |z| =

√
13 េហǿយƫគុយម៉ង់ៃន z គឺ θ = − arctan

(
2
3

)
2 គណĜលីមីតžងេŪŁម៖

a  lim
x→0

ln(cos x)
x2 ŌនŻង 0

0

lim
x→0

ln(cos x)
x2 = lim

x→0

ln
(
1 − 2 sin2 x

2

)
x2

= lim
x→0

ln
[(

1 − 2 sin2 x
2

) 1
−2 sin2 x

2

]−2 sin2 x
2

x2

= lim
x→0

−2 sin2 x
2 ln

(
1 − 2 sin2 x

2

) 1
−2 sin2 x

2

x2

= lim
x→0

−2 sin2 x
2 ln e

x2

= lim
x→0

−2 sin2 x
2

x2

= lim
x→0

−2 sin2 x
2

4 × x2

4

= lim
x→0

− sin2 x
2

2
( x

2

)2

= lim
x→0

−1
2

(
sin x

2
x
2

)2

= −1
2

.
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3

b lim
x→1

sin πx
x − 1

 ŌនŻង 0
0

″ង t = x − 1 =⇒ x = t + 1
េŢយ x → 0 =⇒ t → 0
េយǿងģន
lim
x→1

sin πx
x − 1

= lim
t→0

sin π(t + 1)
t

= lim
t→0

sin(π + πt)
t

= lim
t→0

− sin πt
t

= lim
t→0

−π × sin πt
πt

= −π

c lim
x→+∞

[x − ln (2ex + 1)] ŌនŻង (∞ − ∞)

lim
x→+∞

[x − ln (2ex + 1)] = lim
x→+∞

[ln ex − ln (2ex + 1)]

= lim
x→+∞

ln
ex

2ex + 1
= ln lim

x→+∞

ex

2ex + 1
= ln lim

x→+∞

ex

ex(2 + 1
ex )

= ln
1
2

3 គណĜƫំងេតŪŁលžងេŪŁម៖
a
∫ sin x − cos x√

1 + sin 2x
dx

=
∫ sin x − cos x

sin x + cos x
dx េŪĵះ (sin x + cos x)2 = 1 + sin 2x

= −
∫ d(sin x + cos x)

sin x + cos x
= − ln | sin x + cos x|+ c, c ∈ R

b
∫ 3x + 5

x2 + 3x − 18
dx

″ង 3x + 5
x2 + 3x − 18

=
A

x + 6
+

B
x − 3

េŢយ A
x + 6

+
B

x − 3
=

A(x − 3) + B(x + 6)
(x + 6)(x − 3)

=
(A + B)x + (−3A + 6B)

x2 + 3x − 18

េយǿងģន
{

A + B = 3 (1)
−3A + 6B = 5 (2)

″ម  (1) យក A = 3 − B ជំនួសកĖǶង (2)

″ម (2) េយǿងģន៖
−3(3 − B) + 6B = 5
−9 + 3B + 6B = 5
9B = 14

B =
14
9
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4 1. វǤŔň Ƙរទីɇ

Ĝេំƫយ A = 3 − 14
9

=
13
9

Ĝេំƫយ 3x + 5
x2 + 3x − 18

=
13
9

x + 6
+

14
9

x − 3
េយǿងģន∫ 3x + 5

x2 + 3x − 18
dx

=
∫ ( 13

9
x + 6

+
14
9

x − 3

)
dx

=
13
9

∫ 1
x + 6

dx +
14
9

∫ 1
x − 3

dx

=
13
9

ln |x + 6|+ 14
9

ln |x − 3|+ c, c ∈ R

c
∫

(1 + x)2

1 + x2 dx

=
∫ 1 + 2x + x2

1 + x2 dx

=
∫ (1 + x2

1 + x2 +
2x

1 + x2

)
dx

=
∫ (

1 +
2x

1 + x2

)
dx

= x + ln |1 + x2|+ c, c ∈ R

4    េគេƫយសមីŁរឌីេផរȔង់ែសŏល(E) : y” − 2y′ + 5y = nx2 + px + q ។
a +េŢះŪƘយសមីŁរ (F) : y” − 2y′ + 5y = 0។ 

 សមីŁរ(F) : y” − 2y′ + 5y = 0
ŌនសមីŁរសŌð ល់ λ2 − 2λ + 5 = 0
េយǿងģន ∆ = b2 − 4ac = (−2)2 − 4 × 1 × 5 = 4 − 20 = −16

Ĝេំƫយ λ =
−b ±

√
∆

2a
=

2 ± 4i
2

= 1 ± 2i

ដូចេនះ y = (A cos 2x + B sin 2x) ex ďចេមžǿយៃនសមីŁរ (F) ែដល A, Bď
ចំនួនេថរ។
+រកចេមžǿយៃន(F)េបǿ y(0) = 2 និង y′(0) = 6។
េŢយ y = (A cos 2x + B sin 2x) ex 
Ĝេំƫយ
y′ = (A cos 2x + B sin 2x)′ ex + (A cos 2x + B sin 2x) (ex)′

y′ = (−2A sin 2x + 2B cos 2x)ex + (A cos 2x + B sin 2x) ex

y′ = (2B cos 2x + A cos 2x − 2A sin 2x + B sin 2x)ex

េយǿងģន
{

y(0) = 2 = A
y′(0) = 6 = 2B + A

=⇒ B =
6 − A

2
=

6 − 2
2

=
4
2
= 2

ដូចេនះ y = (2 cos 2x + 2 sin 2x) ex ďចេមžǿយៃនសមីŁរ (F)។
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5
b +រកចំនួនពិត    n, p និង q េŢយដឹង▫ y = 2x2 + 3x + 1 ďចេមžǿយៃនសមីŁរ (E)។

េŢយដឹង▫ y = 2x2 + 3x + 1 ďចេមžǿយៃនសមីŁរ (E)

េយǿងģន
{

y′ = 4x + 3
y” = 4  

Ĝេំƫយ
4 − 2(4x + 3) + 5(2x2 + 3x + 1) = nx2 + px + q
4 − 8x − 6 + 10x2 + 15x + 5 = nx2 + px + q
10x2 + 7x + 3 = nx2 + px + q

 

េŢយផĀឹមសមីŁរĈងំពីរេយǿងģន


n = 10
p = 7
q = 3

 

+រកចេមžǿយទូេĉៃនសមីŁរ (E)

ចេមžǿយៃនសមីŁរ(E) គឺ y = yp + ycែត
{

yp = (2 cos 2x + 2 sin 2x) ex

yc = 2x2 + 3x + 1
 

ដូចេនះ ចេមžǿយៃនសមីŁរ(E) គឺ y = (2 cos 2x + 2 sin 2x) ex + 2x2 + 3x + 1
។

5  កĖǶងថងម់ួយŌនអកƖរ 10 តួ a, b, c, d, e, f , g, h, i, j។េគČបយ់កអកƖរ 4 តេួចញពថីងŪ់ពមýĖ

េŢយៃចដនŏ។
ករណីƫចគឺ
n(S) = C(10, 4) =

10!
(10 − 4)! × 4!

=
10 × 9 × 8 × 7
4 × 3 × 2 × 1

= 210 ករណី

a គណĜŪបǹģបែដលČប់ýŊ នģនŪសៈមួយេƘះ
″ង A ďŪពឹតŉិŁរណ៍់ ” Čប់ýŊ នģនŪសៈមួយេƘះ ”
េŢយកĖǶងចំេ₧មអកƖរ10តួរŌនŪសៈចំនួន3គឺ a, e, i និងŌនពąŃĆនៈចំនួន7គឺ b, c, d, f , g, h, j

េដǿមġីČប់ýŊ នģនŪសៈមួយេƘះ លុះŪ″ែតČប់អកƖរĈងំ4េĜះេចញពីពąŃĆនៈĈងំ7
ករណីŪសបគឺ
n(A) = C(7, 4) =

7!
(7 − 4)! × 4!

=
7!

3! × 4!
=

7 × 6 × 5
6

= 35 ករណី

ដូចេនះ P(A) =
35

210
b គណĜŪបǹģបែដលČប់ģនŪស:ែតមួយគត់

″ង B ďŪពឹតŉិŁរណ៍ ” Čប់ģនŪស:ែតមួយគត់ ”
េដǿមġីģនŪពឹតŉិŁរណ៍ B Łល₧Čប់យកŪសៈចំនួន1េចញពីŪសៈĈងំ3
េហǿយČប់យកពąŃąនៈចំនួន3េទȄតេចញពីពąŃĆនៈĈងំ7។
ចំនួនករណីŪសបគឺ

n(B) = C(3, 1)× C(7, 3) =
3!

(3 − 1)! × 1!
× 7!

(7 − 3)! × 3!
= 105 ករណី

ដូចេនះ P(B) =
105
201
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6 1. វǤŔň Ƙរទីɇ
c គណĜŪបģបែដលČប់ģនŪសៈែតពីរគត់

″ង C ďŪពឹតŉិŁរណ៍ ” Čប់ģនŪស:ែតពីរគត់ ”
េដǿមġីģនŪពឹតŉិŁរណ៍ C Łល₧Čប់យកŪសៈចំនួន2េចញពីŪសៈĈងំ3
េហǿយČប់យកពąŃąនៈចំនួន2េទȄតេចញពីពąŃĆនៈĈងំ7។
ចំនួនករណីŪសបគឺ

n(C) = C(3, 2)× C(7, 2) =
3!

(3 − 2)! × 2!
× 7!

(7 − 2)! × 2!
= 63 ករណី

ដូចេនះ P(B) =
63
201

d គណĜŪបǹģបែដលČប់ģនŗ៉ងតិច₧ស់ģនŪសៈមួយ
េŢយŪពឹតŉិŁរណ៍េនះďŪពឹតŉិŁរណ៍ែដលផĀǶយពីŪពឹតŉិŁរណ៍ A

េយǿងģន P(A′) = 1 − P(A) = 1 − 35
210

=
175
210

ដូចេនះ P(A′) =
175
210

6 សរេសរសមីŁរសŉង់ŢៃនបĜĀ ត់Ĉងំពីរេនះ
បĜĀ ត់ĈងំពីរេនះែកងýĖ េĜះŌនន័យ▫វុǤចទ័រŪģប់ទឹសៃនបĜĀ ត់Ĉងំពីរេនះក៏ែកងýĖ ែដរ។

បĜĀ ត់ x − 5
5λ + 2

=
y − 2
−5

=
z − 1

1
ŌនវុǤចទ័រŪģប់ទឹស −→u = (5λ + 2,−5, 1)

បĜĀ ត់ x
1
=

y + 1
2

2λ
=

z − 1
3

ŌនវុǤចទ័រŪģប់ទឹស −→v = (1, 2λ, 3)

វុǤចទ័រŪģប់ទឹសĈងំពីរេនះែកងýĖ Łល₧ −→u · −→v = 0
េយǿងģន៖ −→u · −→v = 0
⇐⇒ (5λ + 2,−5, 1) · (1, 2λ, 3) = 0
⇐⇒ (5λ + 2)× 1 + (−5)× 2λ + 1 × 3 = 0
⇐⇒ 5λ + 2 − 10λ + 3 = 0
⇐⇒ −5λ + 5 = 0
=⇒ λ = 1

សមីŁរសŉង់ŢៃនបĜĀ ត់Ĉងំពីរគឺ x − 5
7

=
y − 2
−5

=
z − 1

1
និង x

1
=

y + 1
2

2
=

z − 1
3

។
7 សរេសរសមីŁរďទŪមង់សŉង់ŢរួចរកកូអេŢេនៃនចំណចុរបស់បžង់និងវុǤចទ័រណŌ៉ល់ៃនបžង់

េគេƫយសមីŁរបžង់

∣∣∣∣∣∣
x − 2 y − 5 z + 3
−4 −8 8
3 −2 0

∣∣∣∣∣∣ = 0

=⇒ (x − 2)(0 + 16)− (y − 5)(0 − 24) + (z + 3)(8 + 24) = 0
=⇒ 16(x − 2) + 24(y − 5) + 32(z + 3) = 0
=⇒ 2(x − 2) + 3(y − 5) + 4(z + 3) = 0

ដូចេនះ ទŪមង់សŉង់ŢៃនសមីŁរបžង់គឺ 2(x − 2) + 3(y − 5) + 4(z + 3) = 0
ែដលŌន (2, 5,−3) ďចំនុចរបស់បžង់និង (2, 3, 4) ďវុǤចទ័រណŌ៉ល់។
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7
8 េគេƫយអនុគមន៍ f (x) = x ln x − x + 1 ŌនŪŁបតំ₧ង (C) ។

a គណĜលីមីត
lim

x→0+
f (x) = lim

x→0+
(x ln x − x + 1) = 1

lim
x→+∞

f (x) = lim
x→+∞

(x ln x − x + 1) = +∞

b គណĜ f ′(x) រួចសិកƙសŔň របសƅ់ f ′(x) = ln x+ 1− 1 = ln x សិកƙសŔň f ′(x)
េŢយ f ′(x) = ln x
f (x) ďអនុគមន៍ចុះŁល₧ f ′(x) < 0 ⇐⇒ ln x < 0 =⇒ x < 1
f (x) ប៉ះអ័កƖƫប់សុីសŁល₧ f ′(x) = 0 ⇐⇒ ln x = 0 =⇒ x = 1
f (x) ďអនុគមន៍េកǿនŁល₧ f ′(x) > 0 ⇐⇒ ln x > 0 =⇒ x > 1
″ŻងសŔň f ′(x)

x

f ′(x)
0+ 1 +∞

− 0 +

c +គូស″Żងអេថរļពៃន f
េŢយ f (x) = x ln x − x + 1 =⇒ f (1) = 0

x

f ′(x)

f (x)

0+ 1 +∞

− 0 +

11

00

+∞+∞
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8 1. វǤŔň Ƙរទីɇ

+ សង់ŪŁប (C) កĖǶងតŪមǶយអរតូណŌ៉ល់(o,
−→
i ,

−→
j )

+″Żងតៃមžេលខ
x 0 1 2.7

f (x) = x ln x − x + 1 1 0 1
+សំណង់ŪŁប

−5 −4 −3 −2 −1 1 2 3 4 5 6 7

−5

−4

−3

−2

−1

1

2

3

4

5

6

7

y = x ln x − x + 1
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វិȦញ �រទី២
វិȦញ �រេ�តȢម�បឡងសȦញ ប�តមធយមសកិ�ទុតិយភូមិ

េរȢបេរȢងេ�យ៖ េហȟង សិរវីឌ�ន៍

1 គណĜលីមីតžងេŪŁម៖

a lim
x→2

4 −
√

18 − x
x − 2

b lim
x→π

2

1 − sin x
cos x

c lim
x→1

1 − 3
√

x
1 − x

2 គណĜƫំងេតŪŁលžងេŪŁម៖

a
∫ 1 − 2 sin2 x

1 + sin 2x
dx b

∫ 6x + 3
4x2 − 4x + 1

dx c
∫

x2 ln xdx

3 េគŌនចំនួនកុំផžិច z1 =

√
3

2
− 1

2
i, z2 =

√
3

2
+

1
2

i និង v =
−(

√
3 + 1)
2

+
1 +

√
3

2
i ។

a សរេសរz1និងz2ďទŪមង់ŪតីេŁណŌŪត។
b គណĜកេនƙម A ែដល A = v + z1 + z1

2 ។
c គណĜwែដលw = z1

120 + z2
120 ។

4 a េŢះŪƘយសមីŁរឌីេផរȔង់ែសŏល (E) : y” − y = 0 ។
b កំណត់ចេមžǿយ f ៃនសមីŁរ(E)េបǿេគដឹង▫ŪŁបរបស់ƅŁត់អ័កƖ(Oy)Ūតង់y = 4

េហǿយសមីŁរបĜĀ ត់ប៉ះŪតង់ចំនុចេĜះŪសបនឹងបĜĀ ត់(D) : y = 2x − 2។
5 សរេសរសមីŁរžងេŪŁមďទŪមង់សŚង់Ţរួចរកēតុនីមួយៗរបស់ƅ៖

a សមីŁរģ៉ŻȔ បូល : y = 2x2 − 36x +
165

b សមីŁរអីែពបូល : 49x2 = 16y2 +
784

c សមីŁររងƃង់: x2 + y2 − 14x + 4y =
−44

d សមីŁរេអលីប: 64x2 + 25y2 = 1600

6 េគឳŏ −→u =

(
8
9

,
1
9

,
4
9

)
និង −→v =

(
1
9

,
8
9

,−4
9

)
 ។

a បİƟ ញ▫−→u និង−→v ďវុǤចទ័រឯក″និងអរតូកូ₧ល់ýĖ ។
b កំណត់កូអរេŢេនៃនវុǤចទ័រ−→w ែដល−→w = −→u ×−→v ។

7 េគេƫយអនុគមន៍  f កំណត់េលǿ R − 1 េŢយ y =
x2 − x + 1

x − 1
និងŌនŪŁប C។

a គណĜ lim
x→±∞

f (x) និង  lim
x→1

f (x) រួចរកƫសុីមតូតៃនŪŁប C។

b កំណត់តៃមž a, b, c េដǿមġីេƫយ f (x) = ax + b +
c

x − 1
។

គណĜ f ′(x) និងសិកƙសŔň ៃន f ′(x)។
c គណĜតៃមžបរŌេធȄបៃន f រួចសង់″Żងអេថរļព។
d បİƟ ញ▫ចំណចុ I(1, 1) ďផĆឹតឆžǶះៃនŪŁប C រួចសង់ŪŁប C ។
e គណĜŪកƦៃផĀៃនែផĖកបžង់ែដលខ័ណŹ េŢយŪŁប C និងអ័កƖƫប់សុីសនិងបĜĀ ត់x = 2

និង x = 4។

9
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10 2. វǤŔň Ƙរទី២ɔƙǂȲɸɴɀ
1 គណĜលីមីតžងេŪŁម៖

a lim
x→2

4 −
√

18 − x
x − 2

  Żងមិនកំណត់ 0
0

lim
x→2

4 −
√

18 − x
x − 2

= lim
x→2

(4 −
√

18 − x)(4 +
√

18 − x)
(x − 2)(4 +

√
18 − x)

= lim
x→2

42 − (
√

18 − x)2

(x − 2)(4 +
√

18 − x)

= lim
x→2

16 − 18 + x
(x − 2)(4 +

√
18 − x)

= lim
x→2

x − 2
(x − 2)(4 +

√
18 − x)

= lim
x→2

1
(4 +

√
18 − x)

=
1

4 +
√

18 − 2

=
1
8

b lim
x→π

2

1 − sin x
cos x

Żងមិនកំណត់0
0

″ង t =
π

2
− x =⇒ x =

π

2
− t

េបǿ x → π

2
=⇒ t → 0

េយǿងģន៖
lim
x→π

2

1 − sin x
cos x

= lim
t→0

1 − sin(π
2 − t)

cos(π
2 − t)

= lim
t→0

1 − cos t
sin t

= lim
t→0

(1 − cos t)(1 + cos t)
(1 + cos x) sin t

= lim
t→0

1 − cos2 t
(1 + cos t) sin t

= lim
t→0

sin2 t
(1 + cos t) sin t

= lim
t→0

sin t
1 + cos t

= lim
t→0

sin t
t

× t
1 + cos t

= lim
t→0

t
1 + cos t

=
0
2

= 0
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11

c lim
x→1

1 − 3
√

x
1 − x

ŌនŻងមិនកំណត់0
0

េយǿងģន៖

lim
x→1

1 − 3
√

x
1 − x

= lim
x→1

(1 − 3
√

x)(1 + 3
√

x +
3
√

x2)

(1 − x)(1 + 3
√

x +
3
√

x2)

= lim
x→1

1 − 3
√

x3

(1 − x)(1 + 3
√

x +
3
√

x2)

= lim
x→1

1 − x

(1 − x)(1 + 3
√

x +
3
√

x2)

= lim
x→1

1

1 + 3
√

x +
3
√

x2

=
1
3

ដូចេនះ lim
x→1

1 − 3
√

x
1 − x

=
1
3

2 គណĜƫំងេតŪŁលžងេŪŁម៖
a
∫ 1 − 2 sin2 x

1 + sin 2x
dx

=
∫ cos 2x

1 + sin 2x
dx

=
1
2

∫ d(1 + sin 2x)
1 + sin 2x

=
1
2

ln |1 + sin 2x|+ c, c ∈ R

ដូចេនះ
∫ 1 − 2 sin2 x

1 + sin 2x
dx =

1
2

ln |1 + sin 2x|+ c, c ∈ R

b
∫ 6x + 3

4x2 − 4x + 1
dx

″ង 6x + 3
4x2 − 4x + 1

=
A

2x − 1
+

B
(2x − 1)2

េŢយ A
2x − 1

+
B

(2x − 1)2 =
A(2x − 1) + B

(2x − 1)2 =
2Ax − A + B
(2x − 1)2 =

2Ax − (A − B)
(2x − 1)2

េយǿងģន
{

2A = 6
A − B = −3 =⇒

{
A = 3
B = 6 Ĝឳំŏ∫ 6x + 3

4x2 − 4x + 1
dx =

∫ ( 3
2x − 1

+
6

(2x − 1)2

)
dx

=
∫ 3

2x − 1
dx +

∫ 6
(2x − 1)2 dx

=
3
2

∫ d(2x − 1)
2x − 1

− 3
∫

d
(

1
2x − 1

)
=

3
2

ln |2x − 1| − 3
2x − 1

+ c, c ∈ R

ដូចេនះ
∫ 6x + 3

4x2 − 4x + 1
dx =

3
2

ln |2x − 1| − 3
2x − 1

+ c, c ∈ R
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12 2. វǤŔň Ƙរទី២

c
∫

x2 ln xdx

″ង u = ln x =⇒ du =
1
x

dx

dv = x2dx =⇒ v =
1
3

x3 េយǿងģន៖∫
x2 ln xdx =

1
3

x3 ln x −
∫ 1

3
x3 × 1

x
dx

=
1
3

x3 ln x − 1
3

∫
x2dx

=
1
3

x3 ln x − x3

9
+ c, c ∈ R

ដូចេនះ
∫

x2 ln xdx =
1
3

x3 ln x − x3

9
+ c, c ∈ R

3 េគŌនចំនួនកុំផžិច z1 =

√
3

2
− 1

2
i, z2 =

√
3

2
+

1
2

i និង v =
−(

√
3 + 1)
2

+
1 +

√
3

2
i ។

a សរេសរz1និងz2ďទŪមង់ŪតីេŁណŌŪត

+ z1 =

√
3

2
− 1

2
i = cos(−π

6
) + i sin(−π

6
)

+ z2 =

√
3

2
+

1
2

i = cos
π

6
+ i sin

π

6
ដូចេនះ z1 = cos(−π

6
) + i sin(−π

6
) និង z2 = cos

π

6
+ i sin

π

6
។

b គណĜកេនƙម A 
A = v + z1 + z1

2

=
−(

√
3 + 1)
2

+
1 +

√
3

2
i +

√
3

2
− 1

2
i +

(√
3

2
− 1

2
i

)2

= −
√

3
2

− 1
2
+

1
2

i +
√

3
2

i +
√

3
2

− 1
2

i +

(√
3

2

)2

− 2 ×
√

3
2

× 1
2
+

(
1
2

i
)2

= −1
2
+

√
3

2
i +

3
4
−

√
3

2
− 1

4

= −
√

3
2

+

√
3

2
i

ដូចេនះ A = −
√

3
2

+

√
3

2
i ។

c គណĜ w
េŢយ w = z1

120 + z2
120

ែត

 z1 = cos(−π

6
) + i sin(−π

6
)

z2 = cos
π

6
+ i sin

π

6

=⇒

 z1
120 = cos(−π

6
× 120) + i sin(−π

6
× 120)

z2
120 = cos

(π

6
× 120

)
+ i sin

(π

6
× 120

)
=⇒

{
z1

120 = cos(−20π) + i sin(−20π)
z2

120 = cos 20π + i sin 20π
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េŢយ n ďចំនួនគូ =⇒
{

cos nπ = 1
sin nπ = 0

=⇒
{

z1
120 = 1

z2
120 = 1

េយǿងģន w = 1 + 1 = 2

ដូចេនះ w = 2 ។
4 a េŢះŪƘយសមីŁរឌីេផរȔង់ែសŏល (E) : y” − y = 0

(E) : y” − y = 0 ŌនសមីŁរសŌð ល់ λ2 − 1 = 0 =⇒ λ = ±1
ដូចេនះ y = f (x) = Aex + Be−x, A, B ∈ R ďចេមžǿយទូេĉៃនសមីŁរ(E)។

b កំណត់ចេមžǿយ f ៃនសមីŁរ(E)
េŢយដឹង▫ŪŁបរបស់ƅŁត់អ័កƖ(Oy)Ūតង់y = 4 Ōនន័យ▫ f (0) = 4
េយǿងģន f (0) = A + B = 4 (1)
េហǿយសមីŁរបĜĀ ត់ប៉ះŪតង់ចំនុចេĜះŪសបនឹងបĜĀ ត់(D) : y = 2x − 2
Ōនន័យ▫ f ′(0) = 2 (េមគុណŪģប់ទឹសេសŊǿýĖ )
េŢយ f ′(x) = Aex − Be−x

=⇒ f ′(0) = A − B = 2 =⇒ A = 2 + B (2)
យក A = 2 + BជំនួសកĖǶងសមីŁរ (1) =⇒ 2 + B + B = 4 =⇒ B = 1

យក B = 1ជំនួសកĖǶងសមីŁរ(2) =⇒ A = 3

ដូចេនះ y = 3ex + e−x ďចេមžǿយៃនសមីŁរ(E) ។
5 សរេសរសមីŁរžងេŪŁមďទŪមង់សŚង់Ţរួចរកēតុនីមួយៗរបស់ƅ៖

a េយǿងŌនសមីŁរģ៉ŻȔបូល៖
y = 2x2 − 36x + 165

=⇒ y = 2(x2 − 18x + 81)− 162 + 165
=⇒ y = 2(x − 9)2 + 3

=⇒ (x − 9)2 =
1
2
(y − 3)

=⇒ (x − 9)2 = 4 × 1
8
(y − 3)

+ សមីŁរសŉង់ŢŻង (x − h)2 = 4p(y − k) Ōនអ័កƖឆžǶះďអ័កƖឈរ
+ កំពូល V(h, k) = V(9, 3)

+ កំណុំ F(h, k + p) = F
(

9, 3 +
1
8

)
= F

(
9,

25
8

)
+ សមីŁរបĜĀ ត់Ūģប់ទឹស y = k − p = 3 − 1

8
=

23
8

+ អ័កƖឆžǶះ x = h = 9
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14 2. វǤŔň Ƙរទី២
b េយǿងŌនសមីŁរអីែពបូល៖

49x2 = 16y2 + 784
=⇒ 49x2 − 16y2 = 784

=⇒ 49x2 − 16y2

784
= 1

=⇒ 49x2

784
− 16y2

784
= 1

=⇒ x2

784
49

− y2

784
16

= 1

=⇒ x2(
28
7

)2 − y2(
28
4

)2 = 1

+ សមីŁរសŚង់ŢŻង (x − h)2

a2 − (y − k)2

b2 = 1 Ōនអ័កƖទទឹងďអ័កƖេដក
+ ផĆឹត I(h, k) = I(0, 0)

+ កំពូល V1(h − a, k) = V1(−
28
7

, 0) និង V2(h + a, k) = V2(
28
7

, 0)

+ េŢយ c =
√

a2 + b2 =

√
784
49

+
784
16

=
√

65 = 8.06

=⇒ កំណុំ F1(h − c, k) = F1(−8.06, 0)និង F2(h + c, k) = F2(8.06, 0)

+ សមីŁរƫសុីមតូត y1 = k − b
a
(x − h) = −7

4
x និង y2 = k +

b
a
(x − h) =

7
4

x

c េយǿងŌនសមីŁររងƃង់៖
x2 + y2 − 14x + 4y = −44

=⇒ x2 − 14x + 49 + y2 + 4y + 4 = −44 + 49 + 4
=⇒ (x − 7)2 + (y + 2)2 = 9
=⇒ (x − 7)2 + (y + 2)2 = 32

+ សមីŁរសŚង់ŢŻង (x − h)2 + (y − k)2 = R2

+ ផĆិតរងƃង់ I(h, k) = I(7,−2)
+ Łរំងƃង់ R = 3 ឯក″Ūបែវង

d េយǿងŌនសមីŁរេអលីប៖
64x2 + 25y2 = 1600

=⇒ 64x2 + 25y2

1600
= 1

=⇒ 64x2

1600
+

25y2

1600
= 1

=⇒ x2

1600
64

+
y2

1600
25

= 1

=⇒ x2

25
+

y2

64
= 1

=⇒ x2

52 +
y2

82 = 1
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+ សមីŁរសŚង់Ţ (x − h)2

b2 +
(y − k)2

a2 = 1  ែដល a > b > 0

និង c2 = a2 − b2 = 64 − 25 = 39 =⇒ c =
√

39 = 6.25
+ ផĆិត I(h, k) = I(0, 0)
+ កំពូល V1(h, k − a) = V1(0,−8) និង V2(h, k + a) = V2(0, 8)
+ កំណុំ F1(h, k − c) = F1(0,−6.25) និង F2(h, k + c) = F2(0, 6.25)
+ Ūបែវងអ័កƖធំេសŊǿ 2a = 2 × 8 = 16 Ūបេវងអ័កƖតូចេសŊǿ 2b = 2 × 5 = 10

6 េគឳŏ −→u =

(
8
9

,
1
9

,
4
9

)
និង −→v =

(
1
9

,
8
9

,−4
9

)
 ។

a បİƟ ញ▫−→u និង−→v ďវុǤចទ័រឯក″និងអរតូកូ₧ល់ýĖ
+ −→u និង−→v ďវុǤចទ័រឯក″Łល₧ |−→u | = 1 និង |−→v | = 1

េយǿងŌន


−→u =

(
8
9

,
1
9

,
4
9

)
=⇒ |−→u | =

√(
8
9

)2

+

(
1
9

)2

+

(
4
9

)2

=

√
81
81

= 1

−→v =

(
1
9

,
8
9

,−4
9

)
=⇒ |−→v | =

√(
1
9

)2

+

(
8
9

)2

+

(
4
9

)2

=

√
81
81

= 1

ដូចេនះ −→u និង −→v ďវុǤចទ័រឯក″។

+ −→u និង −→v អរតូកូ₧ល់ýĖ Łល₧ −→u · −→v = 0

េយǿងģន −→u · −→v =
8

49
+

8
49

− 16
49

=
16
49

− 16
49

= 0

ដូចេនះ −→u និង −→v អរតូកូ₧ល់ýĖ ។

b កំណត់កូអរេŢេនៃនវុǤចទ័រ−→w
េŢយ−→w = −→u ×−→v េយǿងģន៖−→w = −→u ×−→v

=

∣∣∣∣∣∣∣∣∣
−→
i

−→
j

−→
k

8
9

1
9

4
9

1
9

8
9

−4
9

∣∣∣∣∣∣∣∣∣
=

(
− 4

81
− 32

81

)−→
i −

(
−32

81
− 4

81

)−→
j +

(
64
81

− 1
81

)−→
k

= −36
81

−→
i +

36
81

−→
j +

63
81

−→
k

= −4
9
−→
i +

4
9
−→
j +

7
9
−→
k

ដូចេនះ −→w =

(
4
9

,
4
9

,
7
9

)
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16 2. វǤŔň Ƙរទី២

7 េគេƫយអនុគមន៍  f កំណត់េលǿ R − 1 េŢយ y =
x2 − x + 1

x − 1
និងŌនŪŁប C។

a +គណĜលីមីត

lim
x→±∞

f (x) = lim
x→±∞

x2 − x + 1
x − 1

= ±∞ 

lim
x→1

f (x) = lim
x→1

x2 − x + 1
x − 1

= ∞

+ ƫសុីមតូត
េŢយ lim

x→1
f (x) = ∞ =⇒ x = 1 ďƫសុីមតូតឈរ។

េŢយ lim
x→∞

[ f (x)− x] = 0 =⇒ y = x ďƫសុីមតូតេŪទត។

+ កំណត់តៃមž a, b, c េដǿមġីេƫយ f (x) = ax + b +
c

x − 1
។

េŢយ f (x) =
x2 − x + 1

x − 1
= x +

1
x − 1

Ĝេំƫយ


a = 1
b = 0
c = 1

+ គណĜ f ′(x)

េŢយ f (x) = x +
1

x − 1
=⇒ f ′(x) = 1 − 1

(x − 1)2 =
(x − 1)2 − 1
(x − 1)2

+ សិកƙសŔň ៃន f ′(x)

f ′(x) =
(x − 1)2 − 1
(x − 1)2 េŢយ(x − 1)2 > 0, ∀x ∈ D

េĜះ f ′(x) យកសŔň ″ម (x − 1)2 − 1
េយǿងģន៖

(x − 1)2 − 1 = 0
=⇒ (x − 1 − 1)(x − 1 + 1) = 0
=⇒ (x − 2)x = 0
=⇒ x1 = 0, x2 = 2

″ŻងសŔň f ′(x)

x

f ′(x)

−∞ 0 1 2 +∞

+ 0 − − 0 +

b +គណĜតៃមžបរŌេធȄបៃន f
″ម″ŻងសŔň f ′(x)េយǿងេឃǿញ▫៖

f ′(x)បŉǹរសŔň ពី(+) េĉ (−) Ūតង់ x = 0

េĜះ f ŌនអតិបរŌŪតង់ x = 0 គឺ f (0) = −1
f ′(x)បŉǹរសŔň ពី(−) េĉ (+) Ūតង់ x = 2

េĜះ f ŌនអបġបរŌŪតង់ x = 2 គឺ f (2) = 3
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+គូស″Żងអេថរļពៃន f

x

f ′(x)

f (x)

−∞ 0 1 2 +∞

+ 0 − − 0 +

−∞−∞

−1−1

−∞

+∞

33

+∞+∞

c +បİƟ ញ▫ចំណចុ I(1, 1) ďផĆឹតឆžǶះៃនŪŁប C រួចសង់ŪŁប C

ចំណចុ I(a, b) ďផĆឹតឆžǶះៃនŪŁប C Łល₧ f (2a − x) + f (x) = 2b

េយǿងŌន f (x) = x +
1

x − 1
, I(1, 1)

Ĝេំƫយ
f (2a − x) + f (x) = f (2 − x) + f (x)

= 2 − x +
1

2 − x − 1
+ x +

1
x − 1

= 2 +
1

1 − x
+

1
x − 1

= 2 − 1
x − 1

+
1

x − 1
= 2
= 2b

េŢយ f (2 − x) + f (x) = 2

ដូចេនះ I(1, 1) ďផĆឹតឆžǶះៃនŪŁប(C) ។
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18 2. វǤŔň Ƙរទី២
+សង់ŪŁប (C)

−6 −5 −4 −3 −2 −1 1 2 3 4 5 6 7

−5

−4

−3

−2

−1

1

2

3

4

5

6

7

I(1, 1)

x = 1

y =
x2 − x + 1

x − 1 y = x

d គណĜŪកƦៃផĀៃនែផĖកបžង់ែដលខ័ណŹ េŢយŪŁប (C) និងអ័កƖƫប់សុីសនិងបĜĀ ត់x = 2
និង x = 4

″មរូបមនŉ S = |
∫ b

a
f (x)dx|

េយǿងģន៖
S = |

∫ 4

2

x2 − x + 1
x − 1

dx|

= |
∫ 4

2

(
x +

1
x − 1

dx
)
|

= |
[

x2

2
+ ln |x − 1|

]4

2
|

= |
(

42

2
+ ln |4 − 1|

)
−
(

22

2
+ ln |2 − 1|

)
|

= |8 + ln 3 − 2 − 0|
= |6 + ln 3|
= 6 + ln 3

ដូចេនះ ŪកƦៃផĀៃនែផĖកបžង់Ōនចំនួន 6 + ln 3 ឯក″ៃផĀ។
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វិȦញ �រទី៣
វិȦញ �រេ�តȢម�បឡងសȦញ ប�តមធយមសកិ�ទុតិយភូមិ

េរȢបេរȢងេ�យ៖ េហȟង សិរវីឌ�ន៍

1 េបǿ(x + iy)3 = u + iv  េĜះបİƟ ញ▫ u
x
+

v
y
= 4(x2 − y2)។

2 គណĜលីមីតžងេŪŁម៖

a lim
x→∞

(2x + 3)3(3x − 2)2

x5 + 5
b lim

x→+∞

ex − e−x

ex + e−x
c lim

x→0

cos x − cos 2x
1 − cos x

3 គណĜƫំងេតŪŁលžងេŪŁម៖

a
∫ 1 − sin x

x + cos x
dx b

∫ (
x2 − 2x +

ln x
x

)
dxc

∫ (
x2 − 2x + 5

)
e−xdx

4 a េŢះŪƘយសមីŁរ 2y” − 3y′ + y = 0 (E)
b កំណត់ចេមžǿយ g(x) មួយរបស់សមីŁរ (E) េដǿមġីឲŏŪŁប″ងអនុគមន៍ g ប៉ះនឹង

បĜĀ ត់ (d) : y = −1
2

x េĝŪតង់ចំណចុ O(0, 0)។
5    េĝកĖǶងŪបអប់A ŌនេសȄវេŅពីជគណិត 3 កĤល និងេសȄវេŅធរណីŌŪត 4 កĤល េហǿយ

Ūបអប់ B Ōន
េសȄវេŅពីជគណិត 5 កĤល និងធរណីŌŪត 3 កĤល។េគČបយ់កេសȄវេŅ 1 ពŪីបអប់A Ţក់
ចូលŪបអប់ B េហǿយČប់យកេសȄវេŅ 1 ពីŪបអប់ B Ţក់ចូលកĖǶងŪបអប់A វǤញ។
រកŪបǹģបែដលចំនួនេសȄវេŅĈងំពីជគណិត និង  ធរណីŌŪតេĝកĖǶងŪបអបĈ់ងំពមីិនែŪបŪបǼល។

6 កĖǶង តŪមǶយ អរ តូ ណ រŌ៉ល់ Ōន ទឹ ស េţ វǤជąŌន (O,
−→
i ,

−→
j ,

−→
k ) មួយ េគ ឲŏ

ចំណចុA(0, 2, 0), B(1, 0, 0) និង C(0, 0, 3)។
a រកវុǤចទ័រ −→n =

−→
CA ×−→

CB ។ គណĜŪកƦៃផĀៃនŪតីេŁណ ABC ។
b រកសមីŁរបžង់ P ែដលŁត់″មគល់ O េហǿយŪសបនឹងបžង់ៃនŪតីេŁណ ABC ។
c គណĜ

(−→
OA ×−→

OC
)
· −→OB។ĈញរកŌឌៃនចតុមុខ OABC និងចŌĞ យពកីំពូល O មក

បžង់ ABC ។
7 េគឲŏ f (x) = 4 − x − 2e−x ďអនុគមន៍កំណត់េលǿ R។េគ″ង (C)ďŪŁបរបស់ƅ។

a គណĜ lim
x→±∞

f (x) ។

b បİƟ ញ▫បĜĀ ត់D : y = −x + 4 ďƫសុីមតូតៃនែខƖេŁង (C) ។
c សិកƙអេថរļពៃន f រួចកំណត់តៃមžអតិបរŌៃន f ។
d  សិកƙទី″ងំែខƖេŁង (C)  េធȄបនឹងបĜĀ ត់ D ។
e A ďចំណចុេĝេលǿែខƖេŁង (C) ែដលŌនƫប់សុីស 0 ។រកសមីŁរបĜĀ ត់ប៉ះ (C) Ūតង់ 

A ។
f សង់ŪŁបរួចបİƟ ញ▫ f (x) = 0 Ōនចេមžǿយែតមួយគត់េĝកĖǶងចេĜž ះ  [−1, 0] ។

19
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20 3. វǤŔň ƘរទីɉɔƙǂȲɸɴɀ
1 បİƟ ញ▫ u

x
+

v
y
= 4(x2 − y2)។

េŢយ (x + iy)3 = u + iv  
(x + iy)3 = x3 + 3x2(iy) + 3x(iy)2 + (iy)3

= x3 + 3x2yi + 3xy2i2 + y3i3

= x3 + 3x2yi − 3xy2 − y3i
= (x3 − 3xy2) + (3x2y − y3)i

េយǿងģន
{

u = x3 − 3xy2

v = 3x2y − y3

Ĝឲំŏ
u
x
+

v
y

=
x3 − 3xy2

x
+

3x2y − y3

y
= x2 − 3y2 + 3x2 − y2

= 4x2 − 4y2

= 4(x2 − y2)

ដូចេនះ u
x
+

v
y
= 4(x2 − y2)

2 គណĜលីមីតžងេŪŁម៖
a lim

x→∞

(2x + 3)3(3x − 2)2

x5 + 5
Żងមិនកំណត់∞

∞
េយǿងģន៖

lim
x→∞

(2x + 3)3(3x − 2)2

x5 + 5
= lim

x→∞

(8x3 + 36x2 + 54x + 27)(9x2 − 12x + 4)
x5 + 5

= lim
x→∞

8x3 × 9x2

x5

= lim
x→∞

72x5

x5

= 72

ដូចេនះ lim
x→∞

(2x + 3)3(3x − 2)2

x5 + 5
= 72

b lim
x→+∞

ex − e−x

ex + e−x Żងមិនកំណត់∞
∞

េយǿងģន៖
lim

x→+∞

ex − e−x

ex + e−x = lim
x→+∞

e2x − 1
e2x + 1

= lim
x→+∞

e2x

e2x

= 1

ដូចេនះ lim
x→+∞

ex − e−x

ex + e−x = 1
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c lim
x→0

cos x − cos 2x
1 − cos x

Żងមិនកំណត់0
0

េយǿងģន៖
lim
x→0

cos x − cos 2x
1 − cos x

= lim
x→0

cos x − 2 cos2 x + 1
1 − cos x

= lim
x→0

−2 cos2 x + cos x + 1
1 − cos x

= lim
x→0

(cos x − 1)(−2 cos x − 1)
−(cos x − 1)

= lim
x→0

(2 cos x + 1)

= 3

ដូចេនះ lim
x→0

cos x − cos 2x
1 − cos x

= 3

3 គណĜƫំងេតŪŁលžងេŪŁម៖
a
∫ 1 − sin x

x + cos x
dx

″ង u = x + cos x =⇒ du = (1 − sin x)dx
េយǿងģន៖∫ 1 − sin x

x + cos x
dx =

∫ du
u

= ln |u|+ c
= ln |x + cos x|+ c

ដូចេនះ
∫ 1 − sin x

x + cos x
dx = ln |x + cos x|+ c, c ∈ R ។

b
∫ (

x2 − 2x +
ln x

x

)
dx

=
∫ (

x2 − 2x
)

dx +
∫ ln x

x
dx

=
∫
(ln x)′ ln xdx +

x3

3
− x2 + c

=
1
2

∫ (
ln2 x

)′
dx +

x3

3
− x2 + c

=
ln2 x

x
+

x3

3
− x2 + c

ដូចេនះ
∫ (

x2 − 2x +
ln x

x

)
dx =

ln2 x
x

+
x3

3
− x2 + c, c ∈ R។

c
∫ (

x2 − 2x + 5
)

e−xdx

″ង
{

u = x2 − 2x + 5 =⇒ du = (2x − 2)dx

dv = e−xdx =⇒ v =
∫

e−xdx = −e−x + c

េយǿងģន៖∫ (
x2 − 2x + 5

)
e−xdx = −e−x

(
x2 − 2x + 5

)
+
∫
(2x − 2)e−xdx

= −e−x
(

x2 − 2x + 5
)
− 2

∫
e−xdx + 2

∫
xe−xdx

= −e−x
(

x2 − 2x + 5
)
+ 2e−x + 2

∫
xe−xdx
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22 3. វǤŔň Ƙរទីɉ

″ង
{

t = x =⇒ dt = dx

ds = e−xdx =⇒ s =
∫

e−xdx = −e−x + c

″មរូបមនŉ
∫

tds = ts −
∫

sdt

=⇒
∫

xe−xdx = −xe−x +
∫

e−xdx = −xe−x − e−x + c

េយǿងģន៖∫ (
x2 − 2x + 5

)
e−xdx = −e−x

(
x2 − 2x + 5

)
+ 2e−x + 2

(
−xe−x − e−x)+ c

= −x2e−x + 2xe−x − 5e−x + 2e−x − 2xe−x − 2e−x + c
= −x2e−x − 5e−x + c

= −x2

ex − 5
ex + c

= −x2 + 5
ex + c

ដូចេនះ
∫ (

x2 − 2x + 5
)

e−xdx = −x2 + 5
ex + c, c ∈ R

4 a េŢះŪƘយសមីŁរ 2y” − 3y′ + y = 0 (E)

(E)ŌនសមីŁរសŌð ល់ៈ 2λ2 − 3λ + 1 = 0 =⇒ λ1 = 1, λ2 =
1
2

ដូចេនះ y = Aex + Be
1
2 x, A, B ∈ R

b កំណត់ចេមžǿយ g មួយរបស់សមីŁរ (E)

េŢយŪŁប″ងអនុគមន៍ g(x) = Aex + Be
1
2 x ប៉ះនឹងបĜĀ ត់ (d) : y = −1

2
x េĝŪតង់

ចំណចុ O(0, 0)

Ĝំ៎ ឲŏ
{

g(0) = 0

g′(0) = −1
2

េŢយ y = Aex + Be
1
2 x =⇒ y′ = Aex +

1
2

Be
1
2 x

េយǿងģន

 g(0) = Ae0 + Be0 = A + B = 0 (1)

g′(0) = A +
1
2

B = −1
2

(2)

″មសមីŁរ (1) យក A = −B ជំនួសកĖǶងសមីŁរ (2)

េយǿងģន −B +
1
2

B = −1
2

=⇒ −1
2

B = −1
2

=⇒ B = 1
េŢយ A = −B =⇒ A = −1 

ដូចេនះ g(x) = −ex + e
1
2 x ďចេមžǿយមួយរបស់ (E)



េហ
ȟង
សរិ
វីឌ
�ន
៍

23
5 រកŪបǹģបែដលចំនួនេសȄវេŅĈងំពីជគណិត និង  ធរណីŌŪតេĝកĖǶងŪបអបĈ់ងំពីរមិនែŪបŪបǼល

″ង T ďŪពឹតŉŁិរណ៍: ”ចំនួនេសȄវេŅĈងំពីជគណិត និង  ធរណីŌŪតេĝកĖǶងŪបអបĈ់ងំពមីិន
ែŪបŪបǼល”
េដǿមġីឲŏģនŪពឹតŉិŁរណ៍េនះលុះŪ″ែត េសȄវេŅែដលČប់េចញពីŪបអប់ĈងំពីរេនះďេសȄវេŅ
ដូចýĖ   
Ōនន័យ▫េបǿČប់ģនេសȄវេŅពីជគណិតពីŪបអប់A េĜះŪតǹវែតČប់ģនេសȄវេŅពីជគណិត
ពីŪបអប់B ែដរ ឬ េបǿČប់ģនេសȄវេŅធរណីŌŪតពីŪបអប់A េĜះŪតǹវែតČប់ģនេសȄវេŅ
ធរណីŌŪតពីŪបអប់B ែដរ។
េយǿងģន
P(T) =

C(3, 1)
C(7, 1)

× C(5, 1)
C(8, 1)

+
C(4, 1)
C(7, 1)

× C(3, 1)
C(8, 1)

=
3
7
× 5

8
+

4
7
× 3

8
=

15
56

+
12
56

=

27
56

ដូចេនះ P(T) =
27
56

6 a +រកវុǤចទ័រ −→n =
−→
CA ×−→

CB 
េគឲŏចំណចុA(0, 2, 0), B(1, 0, 0) និង C(0, 0, 3)
េយǿងģន៖−→
CA = (0 − 0, 2 − 0, 0 − 3) = (0, 2,−3)
−→
CB = (1 − 0, 0 − 0, 0 − 3) = (1, 0,−3)

−→n =
−→
CA ×−→

CB =

∣∣∣∣∣∣
−→
i

−→
j

−→
k

0 2 −3
1 0 −3

∣∣∣∣∣∣ = −6
−→
i − 3

−→
j − 2

−→
k

ដូចេនះ −→n = (−6,−3,−2)
+គណĜŪកƦៃផĀៃនŪតីេŁណ ABC

″មរូបមនŉ S =
|−→CA ×−→

CB|
2

=
|−→n |

2

S =
|
√
(−6)2 + (−3)2 + (−2)2|

2
=

|
√

36 + 9 + 4|
2

=
|
√

49|
2

=
|7|
2

=
7
2

ដូចេនះ ៃផĀŪកƦៃនŪតីេŁណABC គឺ 7
2

ឯក″ៃផĀ។
b រកសមីŁរបžង់ (P) ែដលŁត″់មគល់ O(0, 0, 0) េហǿយŪសបនឹងបžងៃ់នŪតីេŁណ ABC

េŢយបžង់ (P) Ūសបនឹងបžងៃ់នŪតីេŁណ ABC េĜះ −→n (−6,−3,−2) ďវុǤចទ័រណŌ៉ល់
ៃនបžង់ (P)
សមីŁរសŉង់Ţៃនបžង់គឺ (P) : a(x − x0) + b(y − y0) + c(z − z0) = 0
ែដល  (a, b, c) ďវុǤចទ័រណŌ៉ល់និង (x0, y0, z0) ďចំណចុែដលŁត់បžង់ (P)
េយǿងģន (P) : −6(x − 0)− 3(y − 0)− 2(z − 0) = 0

ដូចេនះ សមីŁរបžង់ (P) គឺ (P) : −6x − 3y − 2z = 0
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24 3. វǤŔň Ƙរទីɉ
c គណĜ

(−→
OA ×−→

OC
)
· −→OB

−→
OA = (0, 2, 0)
−→
OB = (1, 0, 0)
−→
OC = (0, 0, 3)

េយǿងģន −→
OA ×−→

OC =

∣∣∣∣∣∣
−→
i

−→
j

−→
k

0 2 0
0 0 3

∣∣∣∣∣∣ = 6
−→
i − 0

−→
j + 0

−→
k = (6, 0, 0)

Ĝឲំŏ
(−→

OA ×−→
OC
)
· −→OB = 6 · 1 + 0 · 0 + 0 · 0 = 6

ដូចេនះ  
(−→

OA ×−→
OC
)
· −→OB = 6

ĈញរកŌឌៃនចតុមុខ OABC និងចŌĞ យពីកំពូល O មកបžង់ ABC

+Ōឌចតុមុខ OABC =
|
(−→

OA ×−→
OC
)
· −→OB|

6
=

|6|
6

= 1 ឯក″Ōឌ
+រកចŌĞ យពីកំពូល O  មកបžង់ ABC
″ង h ďចŌĞ យពី O  មកបžង់ ABC

″មរូបមនŉ VOABC =
1
2

SABC × h =⇒ h =
2V

SABC

េŢយ SABC =
7
2
ឯក″ៃផĀ VOABC = 1 ឯក″Ōឌ

េយǿងģន h =
2 × 1

7
2

=
2 × 2

7
=

4
7

ឯក″Ūបែវង

ដូចេនះ  VOABC = 1 ឯក″Ōឌ  និងចŌĞ យពី O  មកបžង់ ABCŌនŪបែវង 4
7

ឯក″
Ūបែវង។

7 េគឲŏ f (x) = 4 − x − 2e−x ďអនុគមន៍កំណត់េលǿ R។េគ″ង (C)ďŪŁបរបស់ƅ។
a គណĜ lim

x→±∞
f (x)

lim
x→−∞

f (x) = lim
x→−∞

(
4 − x − 2e−x) = −∞

lim
x→+∞

f (x) = lim
x→+∞

(
4 − x − 2e−x) = −∞

b បİƟ ញ▫បĜĀ ត់D : y = −x + 4 ďƫសុីមតូតៃនែខƖេŁង (C)
េŢយ lim

x→+∞
[ f (x)− (4 − x)] = lim

x→+∞
(−2e−x) = 0

ដូចេនះ  បĜĀ ត់D : y = −x + 4 ďƫសុីមតូតៃនែខƖេŁង(C) žងx → +∞ ។
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c សិកƙអេថរļពៃន f រួចកំណត់តៃមžអតិបរŌៃន f

េយǿងŌន f (x) = 4 − x − 2e−x =⇒ f ′(x) = −1 + 2e−x

f ′(x) = 0
=⇒ −1 + 2e−x = 0
=⇒ 2e−x = 1

=⇒ e−x =
1
2

=⇒ x = − ln
1
2

″Żងអេថរļពៃន f (x)

x

f ′(x)

f (x)

−∞ − ln
1
2

+∞

+ 0 −

−∞−∞

3 + ln
1
2

3 + ln
1
2

−∞−∞

េŢយ f ′(x) បŚǹរសŔň ពី(+) េĉ(−) Ūតង់ x = − ln
1
2

េĜះ f ŌនអតិបរŌŪតង់x = − ln
1
2

និង f (− ln
1
2
) = 3 + ln

1
2

។
d  សិកƙទី″ងំែខƖេŁង (C)  េធȄបនឹងបĜĀ ត់ D

េយǿងŌន (C) : y = 4 − x − 2e−x និង D : y = 4 − x
=⇒ (C)− (D) = −2e−x < 0
េŢយ (C)− (D) < 0  ឬ (C) < (D) េĜះŌនន័យ▫ ែខƖេŁង(C) េĝេŪŁមបĜĀ ត់
(D) ។

e រកសមីŁរបĜĀ ត់ប៉ះ (C) Ūតង់ A ។
សមីŁរបĜĀ ត់ប៉ះŌនŻង y = f ′(x0)(x − x0) + y0

េŢយA Ōនƫប់សុីស 0ďចំណចុប៉ះរƅងែខƖេŁង (C) និងបĜĀ ត់

េយǿងģន
{

y0 = f (0) = 2
f ′(0) = 1

េĜះសមីŁរបĜĀ ត់ប៉ះគឺ y = 1(x − 0) + 2 = x + 2

ដូចេនះ  សមីŁរបĜĀ ត់ប៉ះែខƖេŁង(C)គឺ y = x + 2
f សង់ŪŁប

+ ŪŁបŁត់អ័កƖOy Ūតង់ f (0) = 2
+ŪŁបŁត់អ័កƖOx Ūតង់ f (x) = 0 ⇐⇒ 4 − x − 2e−x = 0 =⇒ x1 =
−0.895, x2 = 3.961

″Żងតៃមžេលខ
+ƫសុីមតូតេŪទត y = 4 − x

x 0 4
y = 4 − x 4 0
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26 3. វǤŔň Ƙរទីɉ

+ បĜĀ ត់ប៉ះ y = x + 2
x 0 −2
y 2 0

−6 −5 −4 −3 −2 −1 1 2 3 4 5 6 7

−5

−4

−3

−2

−1

1

2

3

4

5

6

7

A(0, 2)

y = x + 2(D) : y = 4 − x

(C) : y = 4 − x − 2e−x

+បİƟ ញ▫ f (x) = 0 Ōនចេមžǿយែតមួយគត់េĝកĖǶងចេĜž ះ  [−1, 0]

″មŪទឹសŚីបទតៃមžក₧Ś ល េបǿ f ďប់េលǿចេĜž ះ [a, b] េហǿយ f (a) · f (b) < 0
េĜះŗ៉ងេơច₧ស់Ōន c មួយេĝចេĜž ះ [a, b] ែដល f (c) = 0

េយǿងģន
{

f (−1) = 4 + 1 − 2e1 = 5 − 2e
f (0) = 2

=⇒ f (−1) · f (0) = 2(5 − 2e) = 10 − 4e < 0
េŢយ f (−1) · f (0) = 10 − 4e < 0

ដូចេនះ  f (x) = 0 Ōនចេមžǿយែតមួយគត់េĝកĖǶងចេĜž ះ  [−1, 0]
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វិȦញ �រទី៤
វិȦញ �រេ�តȢម�បឡងសȦញ ប�តមធយមសកិ�ទុតិយភូមិ

េរȢបេរȢងេ�យ៖ េហȟង សិរវីឌ�ន៍

1 េគឲŏចំនួនកុំផžិច z = 3 + i និង w = 1 − i ។
a ចូរគណĜ z + w, z − w, z × w និង z

w
េហǿយសរេសរលទċផលďទŪមង់ពីជគណិត។

b ចូរកំណត់ចំនួនពិតពីរ α និង β ែដលេផĀȅងĬĀ ត់សមីŁរ αz + βw = 2zw ។
2 គណĜលីមីតžងេŪŁម៖

a lim
x→+∞

√
4x2 + 5x + 1

x
b lim

x→π
3

3 − 4 sin2 x
2 cos x − 1

c lim
x→0

e2x + ex − 2
sin x

3 គណĜƫំងេតŪŁលžងេŪŁម៖

a
∫

sin 2x · sin 4xdx b
∫

x3 ln xdx c
∫ 2x2 + 2x + 1

x3 + x2 dx

4 េគឲŏសមីŁរឌីេផរȔង់ែសŏល (E) : y′ + 2y = 2x2 + 10x + 12 ។
a ចូរកំណត់អនុគមន៍ពហុēដឺេŪកទី២ g(x) ែដលďចេមžǿយៃនសមីŁរ។
b បİƟ ញ▫អនុគមន៍ f (x) ďចេមžǿយៃនសមីŁរ (E) លុះŪ″ែត y = f (x)− g(x)

ďចេមžǿយៃនសមីŁរ (E′) : y′ + 2y = 0 ។
c េŢះŪƘយសមីŁរ (E′) រួចĈញរកចេមžǿយៃនសមីŁរ (E) ។

5 ចូររកសមីŁរែស៊ƃŌនផĆិត I(1,−1, 2) េហǿយប៉ះេĉនឹងបžង់ (P) : x + 2y + 2z − 12 = 0
Ūតង់ A ែដល xA = 2, yA = 1 ។

6 កĖǶងតŪមǶយអរតូណរŌ៉ល់ (o,
−→
i ,

−→
j ,

−→
k ) េគឲŏបីចំណចុ A(−2, 3, 4), B(−5, 7, 7) និង 

C(7, 7, 3)
a ចូរគណĜ −→n =

−→
AB ×−→

AC រួចបİƟ ញ▫ចំណចុĈងំបី A, B និង C រត់មិនŪតង់ýĖ ។
b គណĜៃផĀŪកƦŪតីេŁណ ABC រួចសរេសរសមីŁរបžង់ (ABC) ។
c ចូរគណĜŌឌេតŪ″ែអត (OABC) ។

7 េគឲŏអនុគមន៍ y = f (x) = (1 − x)(e2x + 1) កំណត់េលǿR ។
a ចូរគណĜ lim

x→−∞
f (x) និង lim

x→+∞
f (x) ។

b ចូរគណĜ f ′(x) និង f ”(x) រួចសង់″Żងអេថរļពៃន f ′(x) ។
c ចូរកំណត់សŔň ៃន f ′(x) រួចសង់″Żងអេថរļពៃន f (x) ។
d បİƟ ញ▫(d) : y = 1 − x ďƫសុីមតូតេŪទតៃន(C)Łល₧x → −∞។

បŔĆ ក់ទី″ងំេធȄបរƅង(d) និង (C)។
e សរេសរសមីŁរបĜĀ ត់(T) ប៉ះែខƖេŁង(C) េហǿយŪសបនឹងបĜĀ ត់(d)។
f កំណត់ចំណចុរបត់ I របស់ែខƖេŁង (C) រួចសង់ŪŁប (C), (T) កĖǶងតŪមǶយអរតូណ

រŌ៉ល់។

27
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28 4. វǤŔň ƘរទីɊɔƙǂȲɸɴɀ
1 េគឲŏចំនួនកុំផžិច z = 3 + i និង w = 1 − i ។

a គណĜ z + w, z − w, z × w និង z
w

េហǿយសរេសរលទċផលďទŪមង់ពីជគណិត
េយǿងģន៖

z + w = 3 + i + 1 − i = 4 + 0i
z − w = 3 + i − (1 − i) = 3 + i − 1 + i = 2 + 2i
z × w = (3 + i)(1 − i) = 3 − 3i + i − i2 = 3 + 1 − 2i = 4 − 2i
z
w

=
3 + i
1 − i

=
(3 + i)(1 + i)

1 − i2 =
3 + 3i + i + i2

1 + 1
=

2 + 4i
2

= 1 + 2i

b កំណត់ចំនួនពិតពីរ α និង β
េŢយα និង βេផĀȅងĬĀ ត់សមីŁរ αz + βw = 2zw

េយǿងģន
αz + βw = 2zw

α(3 + i) + β(1 − i) = 2(4 − 2i)
3α + iα + β − iβ = 8 − 4i

(3α + β) + (α − β)i = 8 − 4i

Ĝឲំŏ
{

3α + β = 8 (1)
α − β = −4 (2)

″មសមីŁរ (2) យក α = β − 4 ជំនួសកĖǶងសមីŁរ(1)
េយǿងģន
3(β − 4) + β = 8
=⇒ 3β − 12 + β = 8
=⇒ 4β = 8 + 12 =⇒ β = 5
យក β = 5 ជំនួសកĖǶងសមីŁរ (2) =⇒ α = 5 − 4 = 1

ដូចេនះ α = 1 និង β = 5
2 គណĜលីមីតžងេŪŁម៖

a lim
x→+∞

√
4x2 + 5x + 1

x
ŌនŻងមិនកំណត់∞

∞
េយǿងģន៖

lim
x→+∞

√
4x2 + 5x + 1

x
= lim

x→+∞

√
x2(4 + 5

x + 1
x2 )

x

= lim
x→+∞

x
√

4 + 5
x + 1

x2

x

= lim
x→+∞

√
4 +

5
x
+

1
x2

=
√

4
= 2

ដូចេនះ lim
x→+∞

√
4x2 + 5x + 1

x
= 2
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b lim
x→π

3

3 − 4 sin2 x
2 cos x − 1

ŌនŻងមិនកំណត់0
0

េយǿងģន៖
lim
x→π

3

3 − 4 sin2 x
2 cos x − 1

= lim
x→π

3

4 − 4 sin2 x − 1
2 cos x − 1

= lim
x→π

3

4(1 − sin2 x)− 1
2 cos x − 1

= lim
x→π

3

4 cos2 x − 1
2 cos x − 1

= lim
x→π

3

(2 cos x − 1)(2 cos x + 1)
2 cos x − 1

= lim
x→π

3

(2 cos x + 1)

= 2

ដូចេនះ lim
x→π

3

3 − 4 sin2 x
2 cos x − 1

= 2

c lim
x→0

e2x + ex − 2
sin x

ŌនŻងមិនកំណត់0
0

េយǿងģន៖
lim
x→0

e2x + ex − 2
sin x

= lim
x→0

e2x − 1 + ex − 1
sin x

= lim
x→0

e2x − 1
sin x

+ lim
x→0

ex − 1
sin x

= lim
x→0

x
sin x

× e2x − 1
x

+ lim
x→0

x
sin x

× ex − 1
x

= 1 × 2 + 1 × 1
= 3

ដូចេនះ lim
x→0

e2x + ex − 2
sin x

= 3

3 គណĜƫំងេតŪŁលžងេŪŁម៖
a
∫

sin 2x · sin 4xdx

=
∫

sin 2x · 2 sin 2x cos 2xdx

=
∫

2 sin2 2x · cos 2xdx

″ង u = sin 2x =⇒ du = 2 cos 2xdx
េយǿងģន៖∫

sin 2x · sin 4xdx =
∫

u2du

=
u3

3
+ c

ដូចេនះ
∫

sin 2x · sin 4xdx =
sin3 2x

3
+ c, c ∈ R
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b
∫

x3 ln xdx

″ង


u = ln x =⇒ du =

1
x

dx

dv = x3 =⇒ v =
x4

4
េយǿងģន៖∫

x3 ln xdx =
∫

udv

= uv −
∫

vdu

=
x4

4
ln x −

∫ 1
x
· x4

4
dx

=
1
4

x4 ln x − 1
4

∫
x3dx

=
1
4

x4 ln x − 1
4
· x4

4
+ c

=
1
4

x4 ln x − x4

16
+ c

ដូចេនះ
∫

x3 ln xdx =
1
4

x4 ln x − x4

16
+ c, c ∈ R

c
∫ 2x2 + 2x + 1

x3 + x2 dx

=
∫ 2x2 + 2x + 1

x2(x + 1)
dx

″ង 2x2 + 2x + 1
x2(x + 1)

=
A
x
+

B
x2 +

C
x + 1

A
x
+

B
x2 +

C
x + 1

=
x(x + 1)A + (x + 1)B + x2C

x2(x + 1)

=
Ax2 + Ax + Bx + B + Cx2

x2(x + 1)
2x2 + 2x + 1

x2(x + 1)
=

(A + C)x2 + (A + B)x + B
x2(x + 1)

Ĝឲំŏ


A + C = 2
A + B = 2

B = 1
=⇒


A = 1
B = 1
C = 1

េយǿងģន៖∫ 2x2 + 2x + 1
x2(x + 1)

dx =
∫ (1

x
+

1
x2 +

1
x + 1

)
dx

= ln |x| − 1
x
+ ln |x + 1|+ c

= ln |x + 1|+ ln |x| − 1
x
+ c

ដូចេនះ
∫ 2x2 + 2x + 1

x2(x + 1)
dx = ln |x + 1|+ ln |x| − 1

x
+ c, c ∈ R
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4 េគឲŏសមីŁរឌីេផរȔង់ែសŏល (E) : y′ + 2y = 2x2 + 10x + 12 ។

a កំណត់អនុគមន៍ពហុēដឺេŪកទី២ g(x) ែដលďចេមžǿយៃនសមីŁរ
″ង g(x) = ax2 + bx + c
=⇒ g′(x) = 2ax + b

g(x) ďចេមžǿយៃនសមីŁរ(E)
េយǿងģន៖

g′(x) + 2g(x) = 2x2 + 10x + 12
2ax + b + 2(ax2 + bx + c) = 2x2 + 10x + 12

2ax2 + (2a + 2b)x + (b + 2c) = 2x2 + 10x + 12

Ĝឲំŏ


2a = 2

2a + 2b = 10
b + 2c = 12

=⇒


a = 1
b = 4
c = 4

ដូចេនះ g(x) = x2 + 4x + 4 ďចេមžǿយៃនសមីŁរ(E) ។
b បİƟ ញ▫អនុគមន៍ f (x) ďចេមžǿយៃនសមីŁរ (E) លុះŪ″ែត y = f (x)− g(x)

ďចេមžǿយៃនសមីŁរ (E′) : y′ + 2y = 0
េŢយy = f (x)− g(x) = f (x)− x2 − 4x − 4
=⇒ y′ = f ′(x)− 2x − 4

y = f (x)− g(x)ďចេមžǿយៃនសមីŁរ(E)
េយǿងģន៖

y′ + 2y = 0
f ′(x)− 2x − 4 + 2

(
f (x)− x2 − 4x − 4

)
= 0

f ′(x) + 2 f (x)− 2x − 8x − 8 − 4 − 2x2 = 0
f ′(x) + 2 f (x) = 2x2 + 10x + 12

ដូចេនះ f (x) ďចេមžǿយៃនសមីŁរ(E) ។
c េŢះŪƘយសមីŁរ (E′) រួចĈញរកចេមžǿយៃនសមីŁរ (E)

(E′) : y′ + 2y = 0 ŌនសមីŁរសŌð ល់ t + 2 = 0 =⇒ t = −2
Ĝឲំŏ y = Ae−2x, A ∈ R ďចេមžǿយៃនសមីŁរ(E′)

ដូចេនះ y = Ae−2x + x2 + 4x + 4, A ∈ R ďចេមžǿយៃនសមីŁរ (E) ។
5 ចូររកសមីŁរែស៊ƃŌនផĆិត I(1,−1, 2)

សមីŁរសŚង់Ţៃនែស៊ƃŌនŻង (x − a)2 + (y − b)2 + (z − c)2 = R2

ែដល  (a, b, c) ďផĆិតៃនែស៊ƃ និង R ďŁៃំនែស៊ƃ
ែស៊ƃប៉ះេĉនឹងបžង់ (P) : x + 2y + 2z − 12 = 0 Ūតង់ A ែដល xA = 2, yA = 1
េយǿងģន៖  
2 + 2 × 1 + 2z − 12 = 0

=⇒ z =
12 − 4

2
= 4

Ĝឲំŏចំណចុ A  ŌនកូអរេŢេន xA = 2, yA = 1, zA = 4
េŢយ A(2, 1, 4) ďចំណចុប៉ះរƅងបžង់និងែស៊ƃ Ĝឲំŏ d(I, A) ďŪបែវងŁៃំនែស៊ƃ
d(I, A) =

√
(2 − 1)2 + (1 − (−1))2 + (4 − 2)2 =

√
1 + 4 + 4 = 3 ឯក″Ūបែវង

ដូចេនះ សមីŁរែស៊ƃŌនផĆិត I(1,−1, 2) គឺ  (x − 1)2 + (y + 1)2 + (z − 2)2 = 9
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6 កĖǶងតŪមǶយអរតូណរŌ៉ល់ (o,

−→
i ,

−→
j ,

−→
k ) េគឲŏបីចំណចុ A(−2, 3, 4), B(−5, 7, 7) និង 

C(7, 7, 3)
a គណĜ −→n =

−→
AB ×−→

AC រួចបİƟ ញ▫ចំណចុĈងំបី A, B និង C រត់មិនŪតង់ýĖ

+ −→
AB = (−5 + 2, 7 − 3, 7 − 4) = (−3, 4, 3)

+ −→
AC = (7 + 2, 7 − 3, 3 − 4) = (9, 4,−1)

េយǿងģន៖
−→n =

−→
AB ×−→

AC

=

∣∣∣∣∣∣
−→
i

−→
j

−→
k

−3 4 3
9 4 −1

∣∣∣∣∣∣
= (−4 − 12)

−→
i − (3 − 27)

−→
j + (−12 − 36)

−→
k

= −16
−→
i + 24

−→
j − 48

−→
k

= (−16, 24,−48)
េŢយ −→n =

−→
AB ×−→

AC ̸= 0
ដូចេនះ ចំណចុĈងំបី A, B និង C រត់មិនŪតង់ýĖ ។

b +គណĜៃផĀŪកƦŪតីេŁណ ABC

SABC =
|−→AB ×−→

AC|
2

=
|
√
(−16)2 + (24)2 + (−48)2|

2

=
|
√

3136|
2

=
56
2

= 28 ឯក″ៃផĀ
+សរេសរសមីŁរបžង់ (ABC)
សមីŁរសŚង់Ţៃនបžង់ŌនŻង (ABC) : a(x − x0) + b(y − y0) + c(z − z0) = 0
ែដល (a, b, c) ďវុǤចទ័រណរŌ៉ល់ និង (x0, y0, z0) ďចំណចុរបស់បžង់
យក −→n = (−16, 24,−48) ďវុǤចទ័រណរŌ៉ល់ និងA(−2, 3, 4) ďចំណចុរបស់បžង់
េយǿងģន៖ (ABC) : −16(x + 2) + 24(y − 3)− 48(z − 4) = 0
ដូចេនះ សមីŁរបžង់(ABC) : −16x + 24y − 48z + 88 = 0

c គណĜŌឌេតŪ″ែអត (OABC)

VOABC =
|
(−→

AB ×−→
AC
)
· −→OA|

6
េŢយ −→AB ×−→

AC = (−16, 24,−48),
−→
OA = (−2, 3, 4)

េយǿងģន៖
VOABC =

|(−16)(−2) + (24)(3) + (−48)(4)|
6

=
|32 + 72 − 192|

6

=
| − 88|

6
=

44
3

 ឯក″Ōឌ

ដូចេនះ VOABC =
44
3

ឯក″Ōឌ



េហ
ȟង
សរិ
វីឌ
�ន
៍

33
7 េគឲŏអនុគមន៍ y = f (x) = (1 − x)(e2x + 1) កំណត់េលǿR

a គណĜលីមីត

+ lim
x→−∞

f (x) = lim
x→−∞

(1 − x)(e2x + 1) = +∞

+ lim
x→+∞

f (x) = lim
x→+∞

(1 − x)(e2x + 1) = −∞

b គណĜ f ′(x) និង f ”(x)
េយǿងŌន៖ f (x) = (1 − x)(e2x + 1)

+ f ′(x) = (1 − x)′(e2x + 1) + (1 − x)(e2x + 1)′

= −(e2x + 1) + 2e2x(1 − x)
= e2x − 2xe2x − 1
+ f ”(x) = (e2x − 2xe2x − 1)′ = 2e2x − 2e2x − 4xe2x = −4xe2x

សង់″Żងអេថរļពៃន f ′(x)
f ”(x) = −4xe2x ∀x ∈ R

=⇒ e2x > 0 =⇒ f ”(x) = 0 ⇐⇒ −4xe2x = 0 =⇒ x = 0
x

f ′′(x)

f ′(x)

−∞ 0 +∞

+ 0 −

−1−1

00

−∞−∞

c កំណត់សŔň ៃន f ′(x)
េŢយ f ′(x) េកǿនពី(−1) េĉ (0) េហǿយ ចុះពី   (0)  មក (−∞)

Ōនន័យ▫ f ′(x) ∈ (−∞, 0)

ដូចេនះ f ′(x) < 0

″Żងអេថរļពៃន f (x)
x

f ′(x)

f (x)

−∞ +∞

−
+∞+∞

−∞−∞

d +បİƟ ញ▫(d) : y = 1 − x ďƫសុីមតូតេŪទតៃន(C)Łល₧x → −∞
េយǿងŌន

lim
x→−∞

( f (x)− (d)) = lim
x→−∞

[
(1 − x)(e2x + 1)− (1 − x)

]
= lim

x→−∞
(1 − x)(e2x)

= 0
េŢយ lim

x→−∞
( f (x)− (d)) = 0

ដូចេនះ (d) : y = 1 − x ďƫសុីមតូតេŪទតៃន(C)Łល₧x → −∞
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+បŔĆ ក់ទី″ងំេធȄបរƅង(d) និង (C)
េយǿងŌន (C)− (d) = (1 − x)e2x

- េបǿx < 1 េĜះ (C)− (d) > 0 ⇐⇒ (C) > (d)
Ōនន័យ▫  (C) េĝេលǿ (d) េពល x < 1
- េបǿx = 1 េĜះ (C)− (d) = ⇐⇒ (C) = (d)
Ōនន័យ▫ (C) និង (d) Łត់ýĖ Ūតង់ (1, 0)
- េបǿx > 1 េĜះ (C)− (d) < 0 ⇐⇒ (C) < (d)
Ōនន័យ▫ (C) េĝេŪŁម (d) េពល x > 1

e សរេសរសមីŁរបĜĀ ត់(T)
សមីŁរបĜĀ ត់ប៉ះ (T) ŌនŻង y = f ′(x0)(x − x0) + y0

េŢយសមីŁរបĜĀ ត់(T) ប៉ះែខƖេŁង(C) េហǿយŪសបនឹងបĜĀ ត់(d) : y = 1 − x

េយǿងģន
{

f (x0) = y0
f ′(x0) = −1

េŢយ f ′(x) = e2x − 2xe2x − 1
f ′(x0) = −1

=⇒ e2x0 − 2x0e2x0 − 1 = −1
=⇒ e2x0 − 2x0e2x0 = 0
=⇒ (1 − 2x0)e2x0 = 0, ∀x ∈ R

=⇒ 1 − 2x0 = 0

=⇒ x0 =
1
2

េŢយ f (x) = (1 − x)(e2x + 1)

=⇒ f (x0) = f (
1
2
) = (1 − 1

2
)(e2× 1

2 + 1) =
e + 1

2

េយǿងģន
{

y0 =
e + 1

2
f ′(x0) = −1

Ĝឲំŏ(T) : y = −(x − 1
2
) +

e + 1
2

= −x + 1 +
e
2

ដូចេនះ សមីŁរបĜĀ ត់ប៉ះ(T) : y = −x + 1 +
e
2

f កំណត់ចំណចុរបត់ I របស់ែខƖេŁង (C)
េបǿ f ”(x0) = 0 េĜះ I(x0, f (x0)) ďចំណចុរបត់ៃនែខƖេŁង(C)
េŢយ x0 = 0 ďឬសៃនសមីŁរ f ”(x0) = 0
=⇒ I(0, f (0)) = I(0, 2)  ďចំណចុរបត់ៃនែខƖេŁង(C)
 សង់ŪŁប (C), (T) កĖǶងតŪមǶយអរតូណរŌ៉ល់

+″Żងតៃមžេលខ
+ƫសុីមតូតេŪទត (d) : y = 1 − x x 1 0

y = 4 − x 0 1

+ បĜĀ ត់ប៉ះ (T)y = −x + 1 +
e
2

x 1
e
2

y
e
2

1
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+ ែខƖេŁង (C) : y = (1 − x)(e2x + 1)
x 0 1
y 2 0

−6 −5 −4 −3 −2 −1 1 2 3 4 5 6 7
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−1

1

2

3

4

5

6

7

ចំណចុរបត់I

ចំណចុប៉ះរƅង(T)និង(C)

(d) (T)

(C)
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